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Abstract - We demonstrate in this article that a Hebb-like learning rule with memory
paves the way for active learning in the context of recurrent neural networks. We compare
active with passive learning and a Hebb-like learning rule with and without memory for the
problem of timing to be learned by the neural network. Moreover, we study the influence of
the topology of the recurrent neural network. Our results from numerical simulations reveal
that active learning decreases the learning time significantly only for the Hebb-like learning
rule with memory whereas the learning rule without memory remains unaffected. This result
can be observed in all investigated network topologies, indicating the robustness of this effect.
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1. Introduction

The brain of animals and humans is one of the most fascinating complex adaptive system in nature. Despite
its relatively simple basic units, the neurons, its cooperative behavior of the interconnected neurons and their
functional implications are only poorly understood. The problem one faces investigating this system is not only its
complexity, because, e.g., the human brain consists of dibdtineurons [4], but also its characteristic functional
structure embedded in an environment, which is known as action-perception-cycle. The difficulty with the action-
perception-cycle, which was already known to von Ugkin 1928 [15], is that a formulation of the problem must
include a coupled description of the brain and the environment, because the actions of an animal are transformed by
the environment into perceptions, which are transformed by the brain into actions and so on. In the terminology of
control theory this is call closed-loop control [16] and the action of an animal can be seen as feedback represented as
perception. From this it is clear that neither the perceptions nor the actions in the system are randomly generated.
Interestingly, traditional approaches aiming to train artificial neural networks to learn mappings from input to
output patterns select the input pattern to be learned randomly from the set of available patterns [14, 12]. Recently,
this point has been addressed by theoretical investigations [3] and is aetieel learning The basic idea of active
learning is tochoosehe next pattern to be learned according to, e.g., an objective function. It has been shown that
active learning can reduce the learning time needed to train artificial feedforward neural networks [10].

In this article we investigate the effect of active learning in the context of biologically motivated learning rules
and recurrent neural networks. We study the problem of timing in a recurrent network architecture. Timing means
that the network has to learn to map an input pattern to an output patteradtly7,. time steps. Moreover, we
study the influence of the network topology on the learning behavior. We use the algorithm of Watts and Strogatz
[17], because this algorithm allows to generate network topologies in dependence on a pasametdo, 1].

The resulting topology is regulap,(,, = 0), random f,., = 1) or something in-betweem,, € (0, 1)) including

so called small-world networks. Recently, a similar problem has been studies by Bak and Chialvo [2]. However,
they allowed the mappings to be learned witkirY,. time steps. This is less restrictive and, hence, easier to learn,
because the number of solutions is increased by the mappings found in the network that need [Essirtiean

steps. Moreover, they used only a random network topology for the neural network. No attempt was made to study
the influence of the network topology itself on the learning dynamics. For this reason we use for our studies the
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learning rule of Bak and Chialvo [2, 1] and compare the results with a learning rule proposed by the author [5, 6, 7].
From a neurobiological point of view, the learning rule of Bak and Chialvo [2, 1] combines experimental findings of
Frey and Morris [9] abousynaptic taggingvith a global reinforcement signal that can be interpreted as a dopamin
signal, e.g., as in the experiments of Otmakhova and Lisman [13]. The learning rule introduced by the author
[5, 6] extends the learning rule of Bak and Chialvo by the experimental results of Fitzsimonds et al. [8] about
heterosynaptic plasticity, which can be qualitatively explained additionally by our learning rule. Both learning
rules are local in the sense that the information, which is used for the synaptic modification, is only provided by
the neurons that enclose the synapse and, hence, can be interpreted as extentions to the classical Hebbian learning
rule [11] due to the fact that both learning rules use additionally a reinforcement signal as feedback signal of
the performance of the network. We call such learning rules Hebb-like to indicate that they extend the classical
Hebbian learning rule [11], but are still biologically plausible.

This paper is organized as follows: In Section 2 we define our model. In Section 3 we present our results
from numerical simulations. We compare the learning behavior of our learning rule [5, 6, 7] with the learning rule
of Bak and Chialvo [2, 1] in dependence on two different pattern-selection-mechanisms and the network topology.
The paper ends in Section 4 with conclusions and a discussion of the results.

2. The model

The model we investigate in the following consistsMfbinary neurons:; € {0,1},47 € {1,...,N}. As
topology of the neural network we use an architecture that can be generated by an algorithm of Watts and Strogatz
[17] with N = 200 neurons and: = 10 synapses for each neuron. The algorithm proceeds in the following way.
First, arrange all neurons on a ring and connect each neuron witfidtsearest neighbors, as depicted in the left
figure 1. Second, start with an arbitrary neuiand rewire its connection to its nearest neighbor on, e.g., the left
side with probabilityp,.,, to any other neurorj in the network. If neuron and; are already connected reject this
selection and change nothing. Then choose the next neuron in the ring in a, e.g., clockwise direction and repeat this
procedure. Third, after all next neighbor connections have been checked repeat this procedure for the second and
all higher next neighbors successively. This algorithm guarantees that each connection occurring in the network is
chosen exactly once to test for a rewiring with probability,. The rewiring probability,.,, controls the disorder
of the resulting topology. Fas,., = 0 the regular topology is conserved, whereas = 1.0 leads to a random
network. Intermediate valués< p,.,, < 1 give a topological structure that is between regular and random. See
Figure 1 for a visualization. The network dynamics in the neural network is given by a winner-take-all mechanism.

Figure 1. Visualization of network topologies obtained by the algorithm of Watts and Strogatz [17] for different
values of the rewiring parametet.,,. Left: p,., = 0.0 (regular network). Middle:p,,, = 0.2 (small-world
network). Right:p,.., = 1.0 (random network).

The inner field of the neurons is calculated by

all

hj = Z Wy T; (l)

Here “all” indicates that the summation is carried out over all connected neurons. From the obtained inner fields
h; we select the one with the highest value

Tmax = argmax(hi) (2)

2
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and set the corresponding neuron activity to one. The activity of the remaining neurons is set to zero.

i _{ 0, i # imax @)

For this the network dynamics is called winner-take-all mechanism, because only the neuron with the highest inner
field becomes activated.

The problem we want to learn with the neural network is timing. That means, we want to learn a mapping
from input neurons to output neuronsdractly’, = 4 time steps. As input (output) neurons we defigg,, 1)1
(7100+(m—1)5) In the neural network for a pattern € M. The mapping consists in a connection from input
Neurons,, 1)1 Via inter neurons to output neuranyo(,»—1)s in exactlyT. = 4 time steps. Arriving sooner
or later at the predefined output neuron is assumed as wrong network output. For this we call the problem to be
learned timing. It is clear that the problem of timing can only be studied in a recurrent network topology, because
a multilayer feedforward network reaches always after #layer time steps the output layer and the only problem left
is to map to the desired output neurons. In a recurrent network topology one has the additional difficulty to reach
the predefined output neuron after exadilytime steps. A similar problem has been studied by Bak and Chialvo
[2]. However, they used a random topology of the neural network and learned a mappingwithitime steps,
which is less restrictive and, hence, easier to learn. In Figure 2 we depict schematically the overall organization of
the learning procedure. The black neurons in the recurrent neural network (RNN) indicate the input (left side) and
output (right side) neurons that are arranged on opposite sides of the network. In this paper we want to investigate

patterns RNN

Figure 2. Visualization of the overall organization of the learning procedure. The black neurons in the recurrent
neural network (RNN) indicate the input (left side) and output (right side) neurons of the neural network.

the influence of active learning on the convergence behavior of a recurrent neural network. That means, we want to
study, if the way patterns are presented effects learning. For this reason it is useful to study both, active and passive
learning and compare the results. During passive learning (PL) the pattern to be learned by the neural network is
uniformly drawn form the complete set of patterns. This is the conventional way used to select patterns during
training an artificial neural network. For the pattern selection-mechanism of active learning (AL) we give one
example, because there are infinite many possibilities to define an active learning strategy for a given unstructured
set of patterns. The reason therefore is that there are infinite many ways to structure the pattern set. We suggest a
simple mechanism, which works in the following way: First, we enumerate all patterns. Then we select the first
patternm; and use it as input pattern for the neural network. We present this pattesa long to the network until

the network has learned to map it correctly to the desired output neurons. If the network has learned the mapping
we select additionally patterm,. Now, we present patterm; and patternm, alternately until both mappings

are learned correctly. The reason, why we present both patterns alternately and nat jostausen; has been

already learned, is the following. Suppose, patternis used as input pattern and the output of the network is
wrong. This will induce a synaptic update. After the update it is possible that the previously learned mapping
for input patternm, is destroyed due to this synaptic update. Learning both patterns alternately counteracts the
tendency of the network tcompletelyunlearn already learned mappings. If the network has learned both patterns
my andmsy we select the next patterns and proceed presenting all three patterns cyclically. This procedure is
carried out until allM patterns are learned. Schematically, this stepwise pattern-selection mechanism is depicted
in Figure 3.
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We want to compare two different learning rules. The first learning rule was introduced by Bak and Chialvo
[2, 1] and the second by the author [5, 6, 7]. In the following we use the abbreviation LR1 and LR2 for the learning
rule introduced by Bak and Chialvo and by the author, respectively. Both learning rules are biologically inspired
and have in common that each neuron is connected with a reinforcementssigdatating, if the input pattern
was correctly mapped to an output pattera-= 1 or notr = —1. Moreover, both learning rules use only local
information to adjust the synaptic weights and are, hence, Hebb-like learning rules. The learning rule of Bak and
Chialvo [2, 1] reduces the weight of active synapses

wij —wi; = Wij — 0, (4)
with § randomly drawn from0, 1] only, if the output of the network was wrong indicated by the reinforcement
signalr = —1. Otherwise no learning takes place. The synapses (neurons) are called active, if they were involved
in the signal processing.

The learning rule of the author was introduced in [5, 6, 7]. We present here a simplified version, which is a
special case of the original learning rule, with one degree of freedom per neuron less. Similar to [2, 1] only active
synapsesu;; can be updated, if the network output was wrong; —1. However, now a synapse is updated with
a certain probability

Pupdate = péij . (5)
If a synapse is determined to be updated, then the synaptic weight is depressed by
wij —wi; = Wij = 0, (6)

with § randomly drawn fron0, 1]. The stochastic update condition Eq.(5) is based on neuron counsessigned
to each neuron in the network, whose dynamics is given by

0, cG—r>0
ci—ci =4 ¢—r, ©=¢—r=0 (7
0, 0>c¢—r.
Here© € N is the memory length of the neuron counters aradreinforcement signal. Eq.(7) concerns only the
active neurons in the network. The other neuron counters remain unchanged. The prqlzgqudiftme stochastic
update condition Eq.(5) is obtained by the following procedure: First, calculate the approximated synapse counters
d,; of the active synapses with the neuron counters Eq.(7) by,
dij =¢i+¢j 8)

Second, fromx; € Nforall i € {1,...,N} follows d;; € N. We use this property to map the values of the
approximated synapse counter to a probabybi;)é by defining a discrete probability distributioR; over all
possible values af;;.

Plxk ", reR ke {l,...,20 + 3} 9)

Q) &N ®

Figure 3. Pattern-selection mechanism used to train the neural network. After the network has learned all patterns
of a subset one additional pattern is added to this set and the network is trained with this new subset of patterns
cyclically.
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with the mappingt = 20 + 3 — d;;. We call P} the rank ordering distribution. The basic idea of our learning

rule is to update an active synapse with a high probability, if the valug;ab high, because the approximated
synapse counter reflects the averaged performance of the synapse in the network. This allows each synapse to
make a probabilistic decision, if a synaptic update shall take place or not. For the following simulations we use a
neuron memory of lengt® = 3 andr = 2.0 as exponent of the rank ordering distribution.

3. Results

In this section we present the results for the model defined in Section 2. We evaluate the performance of the
network with the first-passage time, when the network error reaches the first time zero. We use the first-passage
time for the evaluation, because the learning process of the neural network is a stochastic process due to the fact
that, e.g., the synaptic weights are initialized randomly and the synaptic modifidgasaandomly drawn form
[0, 1]. Hence, the prediction error

Eipol(t) = # patterns learn]e; up to time step t (10)
of the network is a random variable. This is the individual prediction error (ipe) of one network at time step
t. ’'Individual’ indicates that this measure is up to now not averaged over an ensemble of networks. The first-
passage time foE;,. is the time, when the individual prediction error of the network reaches the first time zero,
Eie(trpr) = 0. The first-passage times of an ensemble of networks determine the first-passage probability
distributionp™*T of the learning process. From the distributig’ ™ one obtains the distribution function

t
PP =Y it (11)
t'=0
and the mean first-passage time
Tmean = Z tlpf/‘PT (12)
t'=0

The distribution functionP”=°(¢) is restricted betweet and1 and indicates the percentage of the networks that

learned the mapping of all patterns up to time steplhis allows a convenient comparison between different

distribution functions for different conditions. The mean first-passage time is suitable to compress the information

of the first-passage distribution in one scalar value to visualize the results from many different simulations.
Figure 4 shows exemplary the distributiph® ™ of the first-passage times. The shape'df™ is character-

istic and reflects by a long tail that some networks need much more time to learn the mapping than others.

3.1 Passive learning

We start our investigations by comparing the learning rules for different network topologies and passive
learning. The rewiring parametgr.,,, was varied fron0.1 to 1.0 in steps 00.1.

M=3 patterns: Figure 5 shows the distribution functid®”=° for learning rule LR1 (dotted lines) and LR2 (full

lines) in dependence on the rewiring parameigy. It is clear to recognize that the convergence behavior for
learning rule LR2 is always significantly better. In general, the tggsbecomes the longer it takes to converge.

This is due to the fact that fqr.,, = 0 the network is regularly connected without any shortcuts between further
remote neurons, hence, there is no path that connects the input with the output neuroris withitime steps at

all. If one increasep,.,, there exist more and more such shortcuts and the problem can be learned more and more
easily. Forp,.,, > 0 the problem consists not only in finding connecting paths between input and output neurons,
but also in preserving paths for already correctly learned mappings. This interplay between path exploration and
path conservation makes the problem hard especially for low values of the rewiring parameter, when only a small
number of paths exists within the network.

M=5 patterns: In Figure 6 the corresponding results fof = 5 patterns are shown. Here the effects mentioned
above are increased by increasing the number of patterns to be learned. This leads to an almost complete break
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Figure 4. Distributionp™ T of the first-passage times for learning rule LR2, rewiring paramegter= 1.0 and

M = 3 patterns, generated by a passive learning pattern-selection mechanism. The histogram, with BisOwidth
was generated by simulations over an ensemble of/Size 1000. The inner figure is a magnification of the first
20000 time steps.
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Figure 5. Distribution functioP®=0 for M = 3 and learning rule LR1 (dash-dot line) and LR2 (full line), which
were obtained for PL. The curves are parameterized from above to belowfrom 1.0 to p,,, = 0.6 (left figure)
and fromp,, = 0.5 to p. = 0.1 (right figure).

down for learning rule LR1, which is now only able to learn the problempfer= {0.9, 1.0} for a few networks,
see Figure 7(a) for more details concerning quantitative values of the number of converged networks. Learning
rule LR2 works again significantly better.

Figure 7(a) shows the percentage of converged networks in dependepgcg after a simulation time of
T = 107 time steps. Converged means here that the prediction error of a network reached zero. The dash-dot lines
correspond to LR1 and the full lines to LR2. The upper pair of curves corresporids=o3 and the lower pair
of curves toM = 5. One can clearly see that the number of converged networks trained with LR1 is much lower,
especially forM = 5 in which case almost no network learned all patterns correctly.

3.2 Active learning
The percentage of converged networks for active learningfoe 3 and M = 5 patterns are summarized

in Figure 7(b).
One recognizes by comparison with Figure 7(a) that the overall results are confirmed. Learning rule LR2

36



Neural Information Processing - Letters and Reviews Vol.9, No.2, November 2005

converges always significantly better than LR1. A thorough comparison between active and passive learning for
LR2 by comparing Figures 7(a) and 7(b) reveals that the convergence is clearly improved. This effect is especially
good to see for intermediate values of the rewiring paramgigrand M = 5. The obtained learning times for

active learning will be given in the next subsection, where we compare directly the results for active and passive
learning.

3.3 Comparison between active and passive learning

To quantify the dependence of the learning behavior on the pattern-selection mechanism we calculate the
mean first-passage tin¥e,,..», from the simulation results obtained so far. Figure 8 shows these results for learn-

1.0

0.8

0.2 1

102 100 10° t 100 1® 10/

0.0

Figure 6. Distribution functiolP?=° for M = 5 and learning rule LR1 (dash-dot line) and LR2 (full line), which
were obtained for PL. The curves for learning rule LR2 are parameterized from above to belowyfres.0 to
prw = 0.1 and for learning rule LR1 from,,, = 1.0 t0 p,v = 0.9.
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Figure 7. Percentage of converged networks for active learning in dependepgg after a simulation time of

T = 107 time steps. The dash-dot lines correspond to the learning rule of Bak and Chialvo (LR1) and the full lines
to the learning rule suggested by the author (LR2). The upper pair of curves correspdinds & the lower pair

of curves toM = 5. The size of the ensemble wa800 for LR2 andM = 3 for all other simulation$00. (a)
Passive learning. (b) Active learning.
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ing rule LR1 and LR2 in dependence on the rewiring parametgrand the patterns to be learned. Full lines
correspond to simulations with active learning (AL) dash-dot lines with passive learning (PL). The two upper and
the two lower curves correspond to learning rule LR2 and the two middle curves to learning rule LR1. The symbol
“x"indicatesM = 3 and '0’ M = 5 patterns to be learned by the network.

0.2 0.4 0.6 0.8 1
p

w

Figure 8. Mean first-passage tirfig,..,, in dependence on the rewiring parameigy. Full lines correspond to
simulations with active learning dash-dot lines to simulations with passive learning. The two upper and the two
lower curves are obtained by learning rule LR2 and the two middle curves by learning rule kRihditates

M =3and'0D' M =5.

Figure 8 reveals two interesting results. First, LR2 is always significantly better then LR1, especially for
M = 5, because LR1 can not learn this problem at all for the majority of networks. For this reason the curves
are not present in Figure 8. Second, active learning (AL) has an positive effect on LR2 by reducing the mean
first-passage time significantly compared to passive learning, whereas LR1 remains unaffected. Figure 9 shows the
percentage of improvement (POI) for LR2. We define

Tivean(Prw)
POI o — 1 — _mean rw 1
O(plu) T’r};eLan(prw) ( 3)

Active learning can reduce the mean first-passage learning time~uB5 compared to passive learning.

This is astonishing if one keeps in mind that we changed only the strategy for choosing patterns from a training
set. The network topology, the learning rule and the network dynamics remained completely unchanged. To
understand, why learning rule LR1 is not effected by different pattern-selection mechanisms, but LR2, we want
to mention that learning the last pattern takes in average &@l06tibf the overall first-passage time. That means

the active and passive pattern-selection strategy differ only in the presentation order of the patterns and not in the
presentation statistics of the patterns, because the presentation statistics of active learning iﬁ(exgc&yﬁ

fori € {1,..., M} for about90% of the overall first-passage time. This corresponds to the statistics of passive
learning. The reason, why learning rule LR1 is not sensitive to the presentation order is due to the lack of a memory
with respect to the outcomes of past results. Learning rule LR2 has such a memory in form of the neuron counters,
which influence the probability of a synaptic update and, hence, detect indirectly the presentation order of the
patterns.

It seems to be plausible that an appropriately chosen pattern-selection strategy should have a positive influ-
ence on the convergence behavior of a neural network, because we do not choose our actions randomly as already
discussed in the introduction. Moreover, it is not only plausible but also efficient to use the pattern-selection
mechanism as additional source of information, which is clearly demonstrated by Figure 8 and 9.
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Figure 9. Percentage of improvement of the mean first-passage time due to active learning compared to passive
learning. The two curves correspond to LRZ indicatesM =3 and 0’ M = 5.

4. Conclusions

In this article we compared two biologically inspired Hebb-like learning rules for neural networks and their
dependence on the pattern-selection strategy. We learned the problem of timing in different recurrent network
topologies of varying disorder generated by an algorithm of Watts and Strogatz [17]. Our results demonstrate
that the stochastic Hebb-like learning rule introduced by the author [5, 6, 7] is not only always significantly better
than the learning rule of Bak and Chialvo [2, 1], but facilitates active learning. The pattern-selection mechanism
is a source of information and can significantly reduce the learning time needed to train a neural network as
demonstrated by our results. This confirms previously obtained results, which showed that active learning can
have a positive influence on the training time of feedforward neural networks if appropriately chosen [10].

Due to the fact that animals do not select their actions randomly during learning animals perform a kind of
active learning. If the selection mechanism had no positive influence on their learning behavior it is improbable
that animals had developed a non-random selection strategy during evolution. Hence, it seems to be plausible that
also in simulations an appropriately chosen active learning strategy should have a positive effect on the learning
time of neural networks. More precisely, a learning rule for neural networks can only be biologically plausible,
if it favors active over passive learning strategies. We tested several active learning strategies for the problem of
timing, which are different from the one depicted in Figure 2. All these active learning strategies gave qualitatively
the same results as the one used for our simulations presented in the results section. This indicates a robustness of
our results. From this we conclude that the learning rule of Bak and Chialvo lacks a sensitivity against different
pattern-selection strategies, whereas our stochastic learning rule can be positively effected. The reason therefore
can be seen in the neuron counters, which provide our learning rule with a memory. The learning rule of Bak and
Chialvo is memoryless. We hope that our results can help to stimulate further work in this exciting field to gain
more insights in the complex working mechanisms and properties of the brain.
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